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Abstract: Quantum vacuum fluctuations of the electromagnetic field in empty space
seems not to produce observable effects over the motion of a charged test particle. However,
when a change in the background vacuum state is implemented, as for instance when a
conducting boundary is introduced, dispersions of the particle velocity may occur. As a
consequence, besides the existence of classical effects due to the interaction between particle
and boundary, there will be a quantum contribution to the motion of the particle whose
magnitude depends on how fast the transition between the different vacuum states occurs.
A simple model describing a smooth transition between the vacuum states of this system
is here implemented. The implications on the motion of the particle are discussed, and the
results are compared with those based on a model presenting a sudden transition. Finite
temperature effects are also examined, generalizing previous results. Similarly to the model
at zero temperature, the assumption of a smooth transition between vacuum states leads to
well behaved dispersions of the particle velocity. In certain configurations a sort of cooling
effect over the motion of the particle can occur, i.e., the kinetic energy of the particle is
lessen by a certain amount due to subvacuum fluctuations. Additionally, it is shown that
thermal effects can be as important as, or even stronger than, vacuum effects arbitrarily
near the boundary.
Keywords: Boundary quantum field theory, Quantum vacuum fluctuations, Stochastic
processes
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1 Introduction
Vacuum fluctuations of the electromagnetic field in the presence of a perfectly conducting
flat wall affect the motion of a nearby charged test particle. This system was originally
investigated [1, 2] using a model in which the interaction is suddenly turned on at a given
initial time, and after an interval of time τ the dispersion of the particle velocity is thus
calculated. Because of the idealizations assumed in the description of the system, the
dispersions are plagued with some divergences. Several aspects about this system were
discussed in the literature, as for instance, the generalization to the case with two reflecting
walls [3], the behaviour of the dispersions when finite temperature effects are included [4],
and the implementation of switching mechanisms [5–7], among others. Particularly, it was
shown [7] that the assumption of a smooth switching connecting the two distinct states of
the system – the particle in empty space and in the presence of a conducting wall – is enough
to regularize all divergences found in the original model. An important feature exhibited
by this system is the occurrence of a residual effect, i.e., in the late time regime the particle
at a distance z from the wall presents a non null constant dispersion of its velocity. The
existence of such a residual effect was suggested to be linked with an energy conservation
law [1]. This issue was further discussed in a toy model based on a real massless scalar field
[8], where the contribution to the kinetic energy of the test particle was calculated under
certain assumptions.
Here we extend this discussion by revisiting the case of an electric charge near a con-
ducting wall. A smooth transition between the vacuum states of the system is provided by
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means of a switching function presenting a controllable switching time, generalizing previ-
ous analyses [3, 7]. We show that, in addition to the classical effects due to the interaction
between the charged particle and the wall, a change in its kinetic energy sourced by the
switched vacuum state takes place. One interesting aspect is that such quantum contribu-
tion to the energy of the particle can be positive or negative, depending on how fast the
vacuum transition is implemented. For fast transitions the particle gains a certain amount
of energy, while for slow transitions the particle somehow loses part of its kinetic energy as
a consequence of subvacuum quantum fluctuations. Moreover we study this system under
the regime of finite temperature. Similarly to the case of zero temperature, the divergences
appearing in the dispersions when a sudden switching is implemented [4] are naturally
regularized when a smooth transition is implemented. One interesting aspect unveiled by
the implementation of the smooth switching is that thermal effects over the motion of the
particle can be comparable to, or even greater than, vacuum effects arbitrarily near the
boundary.
Subvacuum effects are related to the occurrence of negative quantum expectation values
of quantities that are positive defined in the realm of classical physics. For instance, the
renormalized vacuum expectation value of the squared electric field in a squeezed vacuum
state can be negative for certain configurations. As a possible consequence, the speed of
light in a nonlinear optical material in the presence of background electric field prepared
in a squeezed vacuum state can be increased [9], in opposition to classical predictions.
As another example, negative energy density in Casimir-like systems and its gravitational
consequences has been investigated in the literature [10, 11]. It is interesting to notice
that the duration in which subvacuum effects can exist is constrained by certain quantum
inequalities [12–16].
Next section addresses the expression describing the dispersion of the velocity of an
electric charged particle in the presence of a reflecting wall. It also includes the choice of
the switching function that makes a smooth connection between the two distinct vacuum
states. Assuming a scenario of zero temperature, dispersions of the velocity parallel and
perpendicular to the wall are calculated in Sec. 3, and their behaviours as function of
time and distance to the wall are discussed. Particularly, some aspects exhibited by these
dispersions near the wall and in the late time regime are addressed. Sec. 4 deals with the
change in the energy of the particle due to the transition between the vacuum states. A
scenario of finite temperature is adopted in Sec. 5, where the dispersions are calculated
and their behaviours discussed. Previous results are recovered, typical divergences are
regularized, and new effects near the wall are unveiled. Vacuum to thermal dominance
near the wall are investigated in Sec. 6. Final remarks and conclusions are presented and
Sec. 7, including a brief discussion connecting the results obtained in this work with previous
results reported in the literature. Appendix A presents additional steps that are useful in
the calculation of the dispersions obtained in Sec. 3. Finally, the expressions governing
the late time regime in the general case when finite temperature effects are included, are
presented in appendix B.
Our analysis is restricted to the case where spin degree of freedom of the charged
particle can be neglected. Otherwise explicitly stated, units are such that ~ = c = 1.
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Additionally the vacuum dielectric permittivity 0 and the Boltzmann constant κB are set
to unit, which makes 1V ≈ 1.67× 107m−1 and 1K ≈ 4.37× 102m−1 in our units.
2 Preliminaries
We start by summarizing the main aspects about the system we would like to study. Suppose
that a non relativistic test particle of mass m and electric charge q, initially in empty space,
experiences a smooth transition to a space containing an infinity perfectly conducting flat
wall, which is placed at z = 0. Thus, the equation of motion of the particle interacting with
a background quantum electric field prepared in its vacuum state in the presence of the
wall, leads to the following expression governing the dispersion (mean squared deviation)
of the j-th component of the particle velocity [7],
〈(∆vj)2〉 = q
2
m2
∫ ∞
−∞
∫ ∞
−∞
〈Ej(x, t)Ej(x, t′)〉vacuumFτs,τ (t)Fτs,τ (t′)dtdt′, (2.1)
where Fτs,τ (t) is a switching function that allows a smooth transition between the two
scenarios above described, and 〈Ej(x, t)Ej(x, t′)〉vacuum denotes the j-th component of the
renormalized electric field correlation function (positive Wightman two-point function).
Here, renormalization means that the unbounded Minkowski space (hereafter called empty
space) contribution was subtracted. The parameter τ denotes the interval of time for which
the particle is effectively interacting with the quantum field in the presence of the conducting
wall, while τs (switching time) is defined as the interval of time in which the system performs
the transition between the two scenarios – from empty-space to the presence of a conducting
wall, or vice versa. The condition of small particle displacement [1, 7] is here being used,
i.e., the particle position x is assumed to be nearly a constant.
The model exhibiting a sudden transition [1] can be exactly described by setting
Fτs,τ (t)→ Θ(t)Θ(τ − t), where the unit step function Θ(t) is equal to 0 for t < 0, and 1 for
t ≥ 1. In such idealized case the leading contribution for the residual dispersion (τ/z  1)
of the particle velocity perpendicular to the wall is given by 〈(∆v⊥)2〉 ≈ q2/(4pi2m2z2),
while in the parallel directions 〈(∆v‖)2〉 ≈ −q2/(3pi2m2τ2), which vanishes when τ → ∞.
Throughout the text we denote 〈(∆v‖)2〉
.
= 〈(∆vx)2〉 = 〈(∆vy)2〉 and 〈(∆v⊥)2〉 .= 〈(∆vz)2〉.
Let us implement a smooth switching described by the function Fτs,τ (t) defined as [17],
Fτs,τ (t) =
1
pi
[
arctan
(
t
τs
)
+ arctan
(
τ − t
τs
)]
, (2.2)
where τ is approximately the width of the switching function, and τs measures the duration
of the switching, which corresponds to the nearest interval between two successive points
of maximum curvature in this function. The behaviour of this function, as well as the
geometric meaning of τ and τs, is described in Fig. 1, where we chose τs/τ = 0.002. The
advantage of implementing such switching is that even in a late time regime the switching
duration τs can be chosen to be finite, which is associated with a non-adiabatic process.
The idealized sudden switching is obtained in the limit τs → 0, for a fixed τ . An adiabatic
transition, i.e., a process that takes an infinite duration, is obtained by setting τs ∼ τ →∞.
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Figure 1. Time behaviour of the switching function Fτs,τ (t) defined by Eq. (2.2), with a switching
time such that τs/τ = 0.002.
3 Dispersions in the zero temperature regime
The renormalized vacuum correlation functions in Eq. (2.1) are obtained by quantizing the
electric field in the presence of the reflecting boundary and subtracting the Minkowski vac-
uum contribution [18]. The relevant correlations to our purposes are 〈Ex(x, t)Ex(x, t′)〉vacuum =
〈Ey(x, t)Ey(x, t′)〉vacuum = −pi−2
[
(∆t)2 + 4z2
]
[(∆t)2−4z2]−3, and 〈Ez(x, t)Ez(x, t′)〉vacuum =
pi−2[(∆t)2 − 4z2]−2, where the limit of point coincidence in the spatial coordinates x′ → x
was already taken. However, the dispersions described by Eq. (2.1) are more easily calcu-
lated if we use the following integral representation of these correlation functions,
〈Ex(x, t)Ex(x, t′)〉vacuum = −
3
8pi2
∫ ∞
1
(u2 + 1)
[
1
(u∆t+ 2z)4
+
1
(u∆t− 2z)4
]
du , (3.1)
〈Ez(x, t)Ez(x, t′)〉vacuum =
3
4pi2
∫ ∞
1
(u2 − 1)
[
1
(u∆t+ 2z)4
+
1
(u∆t− 2z)4
]
du , (3.2)
where the prescription ∆t → ∆t − i, with  > 0, was used. Introducing Eqs. (3.1) and
(3.2) in Eq. (2.1), and performing the integrals (see the appendix A for further details), we
obtain that
m2
q2
〈(∆v⊥)2〉 = −
τ
32pi2z3
{
ln
[
(τ − 2z)2 + 4τ2s
(τ + 2z)2 + 4τ2s
]
+
4τs
τ
arg
[
1 +
τ2
4(τs − iz)2
]}
, (3.3)
m2
q2
〈(∆v‖)2〉 =
1
2
m2
q2
〈(∆v⊥)2〉 −
τ2
(
τ2 − 4z2 + 12τ2s
)
8pi2(τ2s + z
2)[(τ − 2z)2 + 4τ2s ][(τ + 2z)2 + 4τ2s ]
. (3.4)
Here arg(w) is the argument of the complex number w.
The time behaviour of these dispersions are depicted in Figs. 2 and 3 where some
representative values of the ratio τs/z were chosen. Direct inspection shows that, when
a smooth transition is considered, which means to assume τs 6= 0, these dispersions are
regular functions of time and distance to the wall. The divergences at z = 0 and τ = 2z
– 4 –
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Figure 2. Dispersion of the perpendicular component of the particle velocity, described by Eq. (3.3),
as function of τ/z for some suggestive values of the ratio τs/z. The solid curve represents the limit
of τs → 0 and describes the behaviour of the dispersion when an idealized sudden transition is
assumed. In all cases there will be a residual effect, as dispersions goes to constant values in the
late time regime.
that happen when a sudden transition is assumed (solid lines in these figures) are naturally
regularized when τs 6= 0.
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Figure 3. Dispersion of the parallel component of the particle velocity, described by Eq. (3.4), as
function of τ/z for some suggestive values of the ratio τs/z. The solid curve represents the limit of
τs → 0 and describes the behaviour of the dispersion when a idealized sudden transition is assumed.
The inset frame depicts the late time behaviour of the dispersions and shows that a residual effect
occurs in all cases, but in the sudden process, that goes assymptoticaly to zero.
The dispersions in the late time regime are obtained by taking the limit of τ → ∞ in
Eqs. (3.3) and (3.4), and result in the expressions presented in appendix B [see Eqs. (B.1)
– 5 –
and (B.2)]. If we additionally take the limit of τs → 0, we get that 〈(∆v⊥)2〉 = q2/(4pi2m2z2)
and 〈(∆v‖)2〉 = 0, which are the results obtained in the late time regime described by the
model exhibiting a sudden transition [1]. On the other hand, both dispersions vanish if the
limit of τs → ∞ is taken, as it occurs when a model exhibiting an adiabatic transition is
assumed [7].
The distance behaviour of these dispersions are depicted in Figs. 4 and 5 where some
representative values of the ratio τs/τ were chosen. It is of our particular interest to
FIG2
Sudden
z/⌧
<latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit><latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit><latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit><latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit>
m
2
⌧
2
q2
h( 
v ?
)2
i
<latexit sha1_base64="38MGxr9uVJLCEri2Hxc7XA1nan8="></latexit><latexit sha1_base64="38MGxr9uVJLCEri2Hxc7XA1nan8="></latexit><latexit sha1_base64="38MGxr9uVJLCEri2Hxc7XA1nan8="></latexit><latexit sha1_base64="38MGxr9uVJLCEri2Hxc7XA1nan8="></latexit>
\frac{m^2\tau^2}
{q^2}\left\langle\left(\Delta 
v_{{}_\perp}
\right)^2\right\rangle
��� ��� ��� ��� ���
���
���
���
���
���
���
⌧s/⌧ = 0.01
<latexit sha1_base64="HK6iZJOmEsUMxdDLPwoVg74yH5o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSYi6EUoevFYwX5AG8J mu22XbjZhd1Ioof/EiwdFvPpPvPlv3LQ5aOuDZR7vzTCzL0wE1+i631ZpbX1jc6u8XdnZ3ds/sA+PWjpOFWVNGotYdUKimeCSNZGjYJ1EMRKFgrXD8X3utydMaR7LJ5wmzI/IUPIBpwSNFNh2D0ka6Iu83Lo11wvsqilzOKvEK0gVCjQC+6vXj2kaMYlUEK27npugnxGFnAo2q /RSzRJCx2TIuoZKEjHtZ/PLZ86ZUfrOIFbmSXTm6u+JjERaT6PQdEYER3rZy8X/vG6Kgxs/4zJJkUm6WDRIhYOxk8fg9LliFMXUEEIVN7c6dEQUoWjCqpgQvOUvr5LWZc1za97jVbV+V8RRhhM4hXPw4Brq8AANaAKFCTzDK7xZmfVivVsfi9aSVcwcwx9Ynz8CrpKU</latex it><latexit sha1_base64="HK6iZJOmEsUMxdDLPwoVg74yH5o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSYi6EUoevFYwX5AG8J mu22XbjZhd1Ioof/EiwdFvPpPvPlv3LQ5aOuDZR7vzTCzL0wE1+i631ZpbX1jc6u8XdnZ3ds/sA+PWjpOFWVNGotYdUKimeCSNZGjYJ1EMRKFgrXD8X3utydMaR7LJ5wmzI/IUPIBpwSNFNh2D0ka6Iu83Lo11wvsqilzOKvEK0gVCjQC+6vXj2kaMYlUEK27npugnxGFnAo2q /RSzRJCx2TIuoZKEjHtZ/PLZ86ZUfrOIFbmSXTm6u+JjERaT6PQdEYER3rZy8X/vG6Kgxs/4zJJkUm6WDRIhYOxk8fg9LliFMXUEEIVN7c6dEQUoWjCqpgQvOUvr5LWZc1za97jVbV+V8RRhhM4hXPw4Brq8AANaAKFCTzDK7xZmfVivVsfi9aSVcwcwx9Ynz8CrpKU</latex it><latexit sha1_base64="HK6iZJOmEsUMxdDLPwoVg74yH5o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSYi6EUoevFYwX5AG8J mu22XbjZhd1Ioof/EiwdFvPpPvPlv3LQ5aOuDZR7vzTCzL0wE1+i631ZpbX1jc6u8XdnZ3ds/sA+PWjpOFWVNGotYdUKimeCSNZGjYJ1EMRKFgrXD8X3utydMaR7LJ5wmzI/IUPIBpwSNFNh2D0ka6Iu83Lo11wvsqilzOKvEK0gVCjQC+6vXj2kaMYlUEK27npugnxGFnAo2q /RSzRJCx2TIuoZKEjHtZ/PLZ86ZUfrOIFbmSXTm6u+JjERaT6PQdEYER3rZy8X/vG6Kgxs/4zJJkUm6WDRIhYOxk8fg9LliFMXUEEIVN7c6dEQUoWjCqpgQvOUvr5LWZc1za97jVbV+V8RRhhM4hXPw4Brq8AANaAKFCTzDK7xZmfVivVsfi9aSVcwcwx9Ynz8CrpKU</latex it><latexit sha1_base64="HK6iZJOmEsUMxdDLPwoVg74yH5o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSYi6EUoevFYwX5AG8J mu22XbjZhd1Ioof/EiwdFvPpPvPlv3LQ5aOuDZR7vzTCzL0wE1+i631ZpbX1jc6u8XdnZ3ds/sA+PWjpOFWVNGotYdUKimeCSNZGjYJ1EMRKFgrXD8X3utydMaR7LJ5wmzI/IUPIBpwSNFNh2D0ka6Iu83Lo11wvsqilzOKvEK0gVCjQC+6vXj2kaMYlUEK27npugnxGFnAo2q /RSzRJCx2TIuoZKEjHtZ/PLZ86ZUfrOIFbmSXTm6u+JjERaT6PQdEYER3rZy8X/vG6Kgxs/4zJJkUm6WDRIhYOxk8fg9LliFMXUEEIVN7c6dEQUoWjCqpgQvOUvr5LWZc1za97jVbV+V8RRhhM4hXPw4Brq8AANaAKFCTzDK7xZmfVivVsfi9aSVcwcwx9Ynz8CrpKU</latex it>
⌧s/⌧ = 0.1
<latexit sha1_base64="s8NEtcQyCgj6OANcvCzdzJmYICs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWdE0I1QdOOygn1AOwy ZNNOGZjJDciPUoV/ixoUibv0Ud/6NaTsLbT1wuYdz7iU3J8oE1+B5387K6tr6xmZpq7y9s7tXcfcPWjo1irImTUWqOhHRTHDJmsBBsE6mGEkiwdrR6Hbqtx+Z0jyVDzDOWJCQgeQxpwSsFLqVHhAT6rNpu/ZqfuhWvZo3A14mfkGqqEAjdL96/ZSahEmggmjd9b0Mgpwo4FSwS blnNMsIHZEB61oqScJ0kM8On+ATq/RxnCpbEvBM/b2Rk0TrcRLZyYTAUC96U/E/r2sgvgpyLjMDTNL5Q7ERGFI8TQH3uWIUxNgSQhW3t2I6JIpQsFmVbQj+4peXSeu85tvE7i+q9ZsijhI6QsfoFPnoEtXRHWqgJqLIoGf0it6cJ+fFeXc+5qMrTrFziP7A+fwBj6iSWg==</l atexit><latexit sha1_base64="s8NEtcQyCgj6OANcvCzdzJmYICs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWdE0I1QdOOygn1AOwy ZNNOGZjJDciPUoV/ixoUibv0Ud/6NaTsLbT1wuYdz7iU3J8oE1+B5387K6tr6xmZpq7y9s7tXcfcPWjo1irImTUWqOhHRTHDJmsBBsE6mGEkiwdrR6Hbqtx+Z0jyVDzDOWJCQgeQxpwSsFLqVHhAT6rNpu/ZqfuhWvZo3A14mfkGqqEAjdL96/ZSahEmggmjd9b0Mgpwo4FSwS blnNMsIHZEB61oqScJ0kM8On+ATq/RxnCpbEvBM/b2Rk0TrcRLZyYTAUC96U/E/r2sgvgpyLjMDTNL5Q7ERGFI8TQH3uWIUxNgSQhW3t2I6JIpQsFmVbQj+4peXSeu85tvE7i+q9ZsijhI6QsfoFPnoEtXRHWqgJqLIoGf0it6cJ+fFeXc+5qMrTrFziP7A+fwBj6iSWg==</l atexit><latexit sha1_base64="s8NEtcQyCgj6OANcvCzdzJmYICs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWdE0I1QdOOygn1AOwy ZNNOGZjJDciPUoV/ixoUibv0Ud/6NaTsLbT1wuYdz7iU3J8oE1+B5387K6tr6xmZpq7y9s7tXcfcPWjo1irImTUWqOhHRTHDJmsBBsE6mGEkiwdrR6Hbqtx+Z0jyVDzDOWJCQgeQxpwSsFLqVHhAT6rNpu/ZqfuhWvZo3A14mfkGqqEAjdL96/ZSahEmggmjd9b0Mgpwo4FSwS blnNMsIHZEB61oqScJ0kM8On+ATq/RxnCpbEvBM/b2Rk0TrcRLZyYTAUC96U/E/r2sgvgpyLjMDTNL5Q7ERGFI8TQH3uWIUxNgSQhW3t2I6JIpQsFmVbQj+4peXSeu85tvE7i+q9ZsijhI6QsfoFPnoEtXRHWqgJqLIoGf0it6cJ+fFeXc+5qMrTrFziP7A+fwBj6iSWg==</l atexit><latexit sha1_base64="s8NEtcQyCgj6OANcvCzdzJmYICs=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWdE0I1QdOOygn1AOwy ZNNOGZjJDciPUoV/ixoUibv0Ud/6NaTsLbT1wuYdz7iU3J8oE1+B5387K6tr6xmZpq7y9s7tXcfcPWjo1irImTUWqOhHRTHDJmsBBsE6mGEkiwdrR6Hbqtx+Z0jyVDzDOWJCQgeQxpwSsFLqVHhAT6rNpu/ZqfuhWvZo3A14mfkGqqEAjdL96/ZSahEmggmjd9b0Mgpwo4FSwS blnNMsIHZEB61oqScJ0kM8On+ATq/RxnCpbEvBM/b2Rk0TrcRLZyYTAUC96U/E/r2sgvgpyLjMDTNL5Q7ERGFI8TQH3uWIUxNgSQhW3t2I6JIpQsFmVbQj+4peXSeu85tvE7i+q9ZsijhI6QsfoFPnoEtXRHWqgJqLIoGf0it6cJ+fFeXc+5qMrTrFziP7A+fwBj6iSWg==</l atexit>
Figure 4. Dispersion of the perpendicular component of the particle velocity, described by Eq. (3.3),
as function of z/τ for some suggestive values of the ratio τs/τ . The solid curve is singular at z = 0
and z = τ/2 and describes the idealized model where a sudden transition is assumed.
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Figure 5. Dispersion of the parallel component of the particle velocity, described by Eq. (3.4), as
function of z/τ for some suggestive values of the ratio τs/τ . The solid curve describes the idealized
model where a sudden transition is assumed.
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examine their behaviour near the conducting wall. Thus, assuming the regime of z/τs  1,
it can be shown that the dominant contributions in Eqs. (3.3) and (3.4) are given by
〈(∆v⊥)2〉 ≈
q2τ2
12pi2m2τ2s
τ2 + 12τ2s
(τ2 + 4τ2s )
2
≈ −〈(∆v‖)2〉 . (3.5)
As we see, for a finite switching transition the dispersions get finite values at z = 0, with
a magnitude that increases as τs decreases, being negative in the parallel direction, which
means that subvacuum effects may take place near the wall.
Closing this section, it is worth noticing that the limit of τs → 0 should be taken
directly in Eqs. (3.3) and (3.4), and leads to
lim
τs→0
〈(∆v⊥)2〉 =
q2
32pi2m2
τ
z3
ln
(
2z + τ
2z − τ
)2
, (3.6)
lim
τs→0
〈(∆v‖)2〉 =
q2
8pi2m2
[
τ
8z3
ln
(
2z + τ
2z − τ
)2
− τ
2
z2(τ2 − 4z2)
]
, (3.7)
which are the results originally reported in the literature that corresponds to the sudden
transition [1]. In such regime, the dispersion of the perpendicular component is singular
on the wall, and the dispersion of the parallel component is −1/(3pi2τ2). Such singularity
is a consequence of renormalizing a result that was obtained by implementing perfectly
reflecting boundary conditions [19]. Hence, in such an idealized model care must be taken
when near to the wall behavior is investigated. On the other hand, we saw that when
the smooth transition is implemented, the dispersions are regular functions of time at any
distance z, including z = 0. We should notice that there are other mechanisms that could be
used to avoid such divergence, as for instante by assuming a fluctuating boundary [20, 21].
4 Contribution to the kinetic energy due to the vacuum transition
Let us now study the contribution to the energy of the particle due to its interaction with
the vacuum fluctuations of the quantum electric field. We stress that the effects due to
the classical interaction between the particle and the conducting wall are being suppressed
from our analysis.
The dispersions derived in the last section show that there will be a contribution to the
kinetic energy of the particle due to the quantum vacuum fluctuations, and it is given by
〈K〉 = m (〈vx2〉+ 〈vz2〉 /2) = m[〈(∆v‖)2〉 + 〈(∆v⊥)2〉/2]. In the late time regime its main
contribution can be written as (see appendix B for further details),
〈K〉 = q
2
8pi2mz2
[
1 + 2(τs/z)
2
1 + (τs/z)2
− 2τs
z
arctan
z
τs
]
, (4.1)
whose behaviour as function of τs/z is depicted in Fig. 6. There are some aspects that should
be remarked. First, the limit of τs → 0 leads to 〈K〉 = q2/(8pi2mz2), which is the result
obtained when the sudden switching is implemented, as expected. This value corresponds to
the maximum magnitude of transferred energy to the particle due to the transition between
– 7 –
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Figure 6. Late time behaviour of the quantum contribution to the kinetic energy of the charged
particle due to vacuum fluctuations near a conducting wall.
the vacuum states. On the other hand, when τs → ∞ no energy is exchanged, as it is
expected in an adiabatic process. The kinetic energy is positive for small values of τs/z and
gets negative values as τs/z gets larger values, as shown in Fig. 6. Notice that there is one
particular value of τs/z (≈ 0.66) for which 〈K〉 vanishes. What happens at this point is
that negative vacuum fluctuations exactly cancel the positive vacuum fluctuations effects
over the motion of the test particle. This means that if an experiment is prepared in such
way that the switching time takes exactly this value, there will be no change in the kinetic
energy of the particle sourced by the quantum vacuum fluctuations. This is an interesting
result, as a finite value of τs/z corresponds to a non-adiabatic transition process. For values
larger than that, subvacuum effects dominate and the kinetic energy of the particle will be
lessen by a small amount whose magnitude decreases as τs/z increases.
Here we should mention that the regime τs/z  1 at late times (τ →∞) corresponds
to the same behaviour discussed in an earlier publication where a different smooth switching
function was implemented to describe this system [7].
5 Finite temperature effects
In this section we extend our analysis to the case where the system is in thermal equilibrium
at a finite temperature T = 1/β. This corresponds to exchange 〈Ej(x, t)Ej(x, t′)〉vacuum in
Eq. (2.1) by 〈Ej(x, t)Ej(x, t′)〉β , which is the j-th component of the renormalized ther-
mal averaged correlation function [18]. Let us decompose this finite temperature correla-
tion function in terms of its vacuum, thermal, and mixed parts as 〈Ej(x, t)Ej(x, t′)〉β =
〈Ej(x, t)Ej(x, t′)〉vacuum + 〈Ej(x, t)Ej(x, t′)〉thermal + 〈Ej(x, t)Ej(x, t′)〉mixed. The vacuum
term 〈Ej(x, t)Ej(x, t′)〉vacuum was already presented in Sec. 3, while the pure thermal con-
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tribution is isotropic, and reads
〈Ej(x, t)Ej(x, t′)〉thermal = 2
pi2
Re
∞∑
n=1
1
(∆t+ inβ)4
, (5.1)
for any j. Notice that, besides this contribution be the same in any direction, it does not
depend on distance z, i.e., it is not sensitive to the presence of the wall. Finally, the mixed
contribution presents two distinct components,
〈Ex(x, t)Ex(x, t′)〉mixed = − 2
pi2
Re
∞∑
n=1
(∆t+ inβ)2 + 4z2
[(∆t+ inβ)2 − 4z2]3 , (5.2)
〈Ez(x, t)Ez(x, t′)〉mixed = 2
pi2
Re
∞∑
n=1
1
[(∆t+ inβ)2 − 4z2]2 . (5.3)
Just for completeness, we should mention that the correlations in directions parallel to the
wall coincide 〈Ey(x, t)Ey(x, t′)〉β = 〈Ex(x, t)Ex(x, t′)〉β .
Using the above results, the finite temperature dispersions 〈(∆vj)2〉β can be obtained
in the same way as we did for the zero temperature case. First, let us split the different
contributions for each component of the dispersions as
〈(∆vj)2〉β = 〈(∆vj)2〉vacuum + 〈(∆vj)2〉thermal + 〈(∆vj)2〉mixed, (5.4)
and thus they can be calculated by using the above results for the correlation functions.
The pure vacuum contributions 〈(∆v⊥)2〉vacuum and 〈(∆v‖)2〉vacuum to the total disper-
sions are those already presented in Eqs. (3.3) and (3.4), respectively (we have introduced
the label vacuum to these zero temperature dispersions just to make clear its meaning when
compared to the finite temperature contributions).
Next, using the general formula given in Eq. (2.1), we obtain the following result for
the pure thermal contribution,
m2
q2
〈(∆vj)2〉thermal = 1
3pi2β2
∞∑
n=1
 2(
n+ 2τsβ
)2 − 1(
n+ 2τs+iτβ
)2 − 1(
n+ 2τs−iτβ
)2
 , (5.5)
which is spatially homogeneous and isotropic. Moreover, if we rewrite the above expression
in terms of polygamma functions [22],
ψ
(n)
(x) = (−1)(n+1)n!
∞∑
k=0
1
(k + x)n+1
, (5.6)
we obtain,
m2
q2
〈(∆vj)2〉thermal = 1
3pi2β2
[
2ψ
(1)
(
1 +
2τs
β
)
− ψ(1)
(
1 +
2τs + iτ
β
)
− ψ(1)
(
1 +
2τs − iτ
β
)]
.
(5.7)
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Finally, the remaining dispersions 〈(∆v⊥)2〉mixed and 〈(∆v‖)2〉mixed can be handled by
combining Eqs. (3.1), (3.2), and (A.1), and using
F±(a, b) .=
∫ 1
0
dx(1± x2)ψ(1)(a+ bx)
=
1± 1
b
ψ
(0)
(a+ b)− 1
b
ψ
(0)
(a)
∓ 2
b2
ψ
(−1)
(a+ b)± 2
b3
[
ψ
(−2)
(a+ b)− ψ(−2)(a)
]
, (5.8)
where the polygamma function ψ(n)(x) for negative n is studied in Ref. [23]. Hence,
m2
q2
〈(∆v⊥)2〉mixed =
1
2pi2β2
Re
[
2F−
(
1 +
2τs
β
,−2iz
β
)
−F−
(
1 +
2τs + iτ
β
,−2iz
β
)
−F−
(
1 +
2τs − iτ
β
,−2iz
β
)]
, (5.9)
m2
q2
〈(∆v‖)2〉mixed = −
1
4pi2β2
Re
[
2F+
(
1 +
2τs
β
,−2iz
β
)
−F+
(
1 +
2τs + iτ
β
,−2iz
β
)
−F+
(
1 +
2τs − iτ
β
,−2iz
β
)]
. (5.10)
The behaviour of the finite temperature dispersion in the perpendicular direction,
〈(∆v⊥)2〉β , is depicted in Fig. 7 for some chosen values of τs/z. The solid curve exhibits
FIG8 - beta/z = 0.5 \frac{m^2 z^2}{q^2}\langle\left(\Delta v_{{}
_\perp}\right)^2\rangle_{{}
_\beta}
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Figure 7. Behaviour of the perpendicular component of the finite temperature dispersion as
function of time τ/z for some values of switching time τs/z. In this figure we choose β/z = 0.5.
a singular behaviour at τ = 2z and corresponds to the limiting case of τs → 0, which de-
scribes the idealized model when a sudden process is implemented [4]. On the other hand,
when τs 6= 0, i.e., when a smooth transition is implemented, the mentioned singularity is
naturally regularized, as occurred in the model at zero temperature. Indeed, such a diver-
gence is linked to the vacuum contribution to the dispersions. The dispersions related to
– 10 –
the smooth transitions are always positive and the corresponding curves are always bel-
low the one determined by the model presenting a sudden transition, as shown in Fig. 7.
As both thermal and mixed contributions are positive, the total effect linked to the finite
temperature contributions is to increase the magnitude of the dispersion, with a stronger
contribution in the interval τ < 2z. In all cases there will be residual effects in the late
time regime.
The behaviour of the finite temperature dispersion in the parallel direction, 〈(∆v‖)2〉β ,
is depicted in Fig. 8 for some representative values of τs/z. In this case the dispersion
FIG9 - beta/z = 0.5 \frac{m^2z^2}{q^2}\langle\left(\Delta v_{{}
_\parallel}\right)^2\rangle_{{}
_\beta}
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Figure 8. Behaviour of the parallel component of the finite temperature dispersion as function of
time τ/z for some values of switching time τs/z. In this figure we choose β/z = 0.5.
is positive for τ < 2z and can be positive or negative for τ > 2z, depending on the
temperature. We recall that in the regime of zero temperature this dispersion is always
negative for τ > 2z. Now, thermal and mixed contributions present opposite signals, but
for high temperature the thermal contribution is stronger and leads the dispersion to be
positive. Similarly to the behaviour in the perpendicular direction, if compared to the
zero temperature case, there is a distortion of the curves in the interval τ < 2z caused
by the thermal contribution. The solid curve describes the model presenting a sudden
transition and exhibits a singularity at τ = 2z [4]. As already discussed, implementing a
smooth transition leads to the regularization of this singular behaviour. Moreover, there
will be residual effects in the late time regime. However, we notice that there will be
configurations such that, even at finite temperature, no residual effect will survive. This
is because the positive contribution added by thermal effects can be exactly cancelled by
the negative contribution coming from the vacuum term. This is a sort of quantum cooling
effect produced by subvacuum fluctuations. This aspect is described in Fig. 9 for a specific
case. When such regime is achieved only the dispersion of the velocity perpendicular to the
wall survives.
Let us now examine the behaviour of the dispersions in the regime of small dis-
tances z/β  1. If only the main contributions are kept we obtain that 〈(∆v‖)2〉mixed ≈
– 11 –
FIG cooling - beta/z = 6.29, tau_s/z = 0.01
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\frac{m^2 z^2}
{q^2}\langle\left(\Delta v_{{}
_\parallel}\right)^2\rangle_{{}
_{\tt thermal + mixing}}
m2z2
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Figure 9. The competition between positive thermal (dashed curve) and negative vacuum (dot-
dashed curve) fluctuations can produce a vanishing component of the dispersion parallel to the wall
in the late time regime. Here we set τs/z = 0.01, for which a cooling effect occurs at β/z ≈ 6.3.
−〈(∆vj)2〉thermal and 〈(∆v⊥)2〉mixed ≈ 〈(∆vj)2〉thermal, implying that near the wall the dis-
persion of the parallel component of the particle velocity is sourced only by the vacuum
term. This behaviour is depicted in Fig. 10, where a switching time τs/τ = 0.1 was set.
Notice that when z goes to zero the magnitude of the dispersion converge to a value that
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Figure 10. Behaviour of the parallel component of the dispersion near the wall. Notice that the
magnitude of the dispersion in the limit of z → 0 does not depend on the temperature. In this
figure we choose τs/τ = 0.1.
does not depend on the temperature, as the sum of mixed and thermal contributions go to
zero in this limit. The value of the dispersion at z = 0 depends only on τs/τ (see also Fig. 5
and related discussion). On the other hand, additionally to the vacuum term, thermal and
– 12 –
mixed terms do contribute to the dispersion in the perpendicular direction. The magnitude
of such influence depends on the temperature, being larger for higher temperatures. This
FIG7
z/⌧
<latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit><latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit><latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit><latexit sha1_base64="jOiMlQixNox9w0s9eF2wi7SPIKg=">AAAB7XicbVBNS8NAE J3Ur1q/qh69LBbBU01E0GPRi8cK9gPaUDbbTbt2swm7E6GG/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ2 4nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbRS8+msizTtlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt2Qk6s0idhrG0pJDP19 0RGI2PGUWA7I4pDs+hNxf+8TorhlZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtvrxMmudVz616dxeV2nUeRxGO4BhOwYNLqMEt1KEBDB7gGV7hzYmdF+fd+ Zi3Fpx85hD+wPn8AW5UjwU=</latexit>
\frac{m^2\tau^2}
{q^2}\left\langle\left(\Delta 
v_{{}_\parallel}
\right)^2\right\rangle
 /⌧ = 1
<latexit sha1_base64="LSUERYETQUR/o4NLtSnGMHTxQ7s=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4qokIehGKXjxWsB/QxLL ZTtqlm03YnSil9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+wySZ5lDniUx0K2QGpFBQR4ESWqkGFocSmuHgZuI3H0Ebkah7HKYQxKynRCQ4Qys9+CEgO/WRZfSKep1S2a24U9BF4uWkTHLUOqUvv5vwLAaFXDJj2p6bYjBiGgWXMC76m YGU8QHrQdtSxWIwwWh69ZgeW6VLo0TbUkin6u+JEYuNGcah7YwZ9s28NxH/89oZRpfBSKg0Q1B8tijKJMWETiKgXaGBoxxawrgW9lbK+0wzjjaoog3Bm395kTTOKp5b8e7Oy9XrPI4COSRH5IR45IJUyS2pkTrhRJNn8krenCfnxXl3PmatS04+c0D+wPn8AfxgkYE=</latex it><latexit sha1_base64="LSUERYETQUR/o4NLtSnGMHTxQ7s=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4qokIehGKXjxWsB/QxLL ZTtqlm03YnSil9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+wySZ5lDniUx0K2QGpFBQR4ESWqkGFocSmuHgZuI3H0Ebkah7HKYQxKynRCQ4Qys9+CEgO/WRZfSKep1S2a24U9BF4uWkTHLUOqUvv5vwLAaFXDJj2p6bYjBiGgWXMC76m YGU8QHrQdtSxWIwwWh69ZgeW6VLo0TbUkin6u+JEYuNGcah7YwZ9s28NxH/89oZRpfBSKg0Q1B8tijKJMWETiKgXaGBoxxawrgW9lbK+0wzjjaoog3Bm395kTTOKp5b8e7Oy9XrPI4COSRH5IR45IJUyS2pkTrhRJNn8krenCfnxXl3PmatS04+c0D+wPn8AfxgkYE=</latex it><latexit sha1_base64="LSUERYETQUR/o4NLtSnGMHTxQ7s=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4qokIehGKXjxWsB/QxLL ZTtqlm03YnSil9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+wySZ5lDniUx0K2QGpFBQR4ESWqkGFocSmuHgZuI3H0Ebkah7HKYQxKynRCQ4Qys9+CEgO/WRZfSKep1S2a24U9BF4uWkTHLUOqUvv5vwLAaFXDJj2p6bYjBiGgWXMC76m YGU8QHrQdtSxWIwwWh69ZgeW6VLo0TbUkin6u+JEYuNGcah7YwZ9s28NxH/89oZRpfBSKg0Q1B8tijKJMWETiKgXaGBoxxawrgW9lbK+0wzjjaoog3Bm395kTTOKp5b8e7Oy9XrPI4COSRH5IR45IJUyS2pkTrhRJNn8krenCfnxXl3PmatS04+c0D+wPn8AfxgkYE=</latex it><latexit sha1_base64="LSUERYETQUR/o4NLtSnGMHTxQ7s=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4qokIehGKXjxWsB/QxLL ZTtqlm03YnSil9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+wySZ5lDniUx0K2QGpFBQR4ESWqkGFocSmuHgZuI3H0Ebkah7HKYQxKynRCQ4Qys9+CEgO/WRZfSKep1S2a24U9BF4uWkTHLUOqUvv5vwLAaFXDJj2p6bYjBiGgWXMC76m YGU8QHrQdtSxWIwwWh69ZgeW6VLo0TbUkin6u+JEYuNGcah7YwZ9s28NxH/89oZRpfBSKg0Q1B8tijKJMWETiKgXaGBoxxawrgW9lbK+0wzjjaoog3Bm395kTTOKp5b8e7Oy9XrPI4COSRH5IR45IJUyS2pkTrhRJNn8krenCfnxXl3PmatS04+c0D+wPn8AfxgkYE=</latex it>
 /⌧ = 0.1
<latexit sha1_base64="JH4ktxmfGwXwNENmvjko+/v5j4g=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9wVQS9C0IvHCOYB2SX 0TmaTIbMPZnoDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3BakUGh3n2yqtrW9sbpW3Kzu7e/sH9uFRSyeZYrzJEpmoTgCaSxHzJgqUvJMqDlEgeTsY3c/89pgrLZL4CScp9yMYxCIUDNBIPdv2Ao5w4SFk9JY6NbdnV52aMwddJW5BqqRAo2d/ef2EZRGPkUnQuus6Kfo5KBRM8 mnFyzRPgY1gwLuGxhBx7efzy6f0zCh9GibKVIx0rv6eyCHSehIFpjMCHOplbyb+53UzDG/8XMRphjxmi0VhJikmdBYD7QvFGcqJIcCUMLdSNgQFDE1YFROCu/zyKmld1lyT2ONVtX5XxFEmJ+SUnBOXXJM6eSAN0iSMjMkzeSVvVm69WO/Wx6K1ZBUzx+QPrM8fVeqSJA==</l atexit><latexit sha1_base64="JH4ktxmfGwXwNENmvjko+/v5j4g=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9wVQS9C0IvHCOYB2SX 0TmaTIbMPZnoDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3BakUGh3n2yqtrW9sbpW3Kzu7e/sH9uFRSyeZYrzJEpmoTgCaSxHzJgqUvJMqDlEgeTsY3c/89pgrLZL4CScp9yMYxCIUDNBIPdv2Ao5w4SFk9JY6NbdnV52aMwddJW5BqqRAo2d/ef2EZRGPkUnQuus6Kfo5KBRM8 mnFyzRPgY1gwLuGxhBx7efzy6f0zCh9GibKVIx0rv6eyCHSehIFpjMCHOplbyb+53UzDG/8XMRphjxmi0VhJikmdBYD7QvFGcqJIcCUMLdSNgQFDE1YFROCu/zyKmld1lyT2ONVtX5XxFEmJ+SUnBOXXJM6eSAN0iSMjMkzeSVvVm69WO/Wx6K1ZBUzx+QPrM8fVeqSJA==</l atexit><latexit sha1_base64="JH4ktxmfGwXwNENmvjko+/v5j4g=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9wVQS9C0IvHCOYB2SX 0TmaTIbMPZnoDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3BakUGh3n2yqtrW9sbpW3Kzu7e/sH9uFRSyeZYrzJEpmoTgCaSxHzJgqUvJMqDlEgeTsY3c/89pgrLZL4CScp9yMYxCIUDNBIPdv2Ao5w4SFk9JY6NbdnV52aMwddJW5BqqRAo2d/ef2EZRGPkUnQuus6Kfo5KBRM8 mnFyzRPgY1gwLuGxhBx7efzy6f0zCh9GibKVIx0rv6eyCHSehIFpjMCHOplbyb+53UzDG/8XMRphjxmi0VhJikmdBYD7QvFGcqJIcCUMLdSNgQFDE1YFROCu/zyKmld1lyT2ONVtX5XxFEmJ+SUnBOXXJM6eSAN0iSMjMkzeSVvVm69WO/Wx6K1ZBUzx+QPrM8fVeqSJA==</l atexit><latexit sha1_base64="JH4ktxmfGwXwNENmvjko+/v5j4g=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9wVQS9C0IvHCOYB2SX 0TmaTIbMPZnoDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3BakUGh3n2yqtrW9sbpW3Kzu7e/sH9uFRSyeZYrzJEpmoTgCaSxHzJgqUvJMqDlEgeTsY3c/89pgrLZL4CScp9yMYxCIUDNBIPdv2Ao5w4SFk9JY6NbdnV52aMwddJW5BqqRAo2d/ef2EZRGPkUnQuus6Kfo5KBRM8 mnFyzRPgY1gwLuGxhBx7efzy6f0zCh9GibKVIx0rv6eyCHSehIFpjMCHOplbyb+53UzDG/8XMRphjxmi0VhJikmdBYD7QvFGcqJIcCUMLdSNgQFDE1YFROCu/zyKmld1lyT2ONVtX5XxFEmJ+SUnBOXXJM6eSAN0iSMjMkzeSVvVm69WO/Wx6K1ZBUzx+QPrM8fVeqSJA==</l atexit>
 /⌧ = 0.05
<latexit sha1_base64="3klt4g64fhZclFjsZL+Z9vRVWUk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7gril6EoBePEcwDsku YnfQmQ2YfzPQqIeZTvHhQxKtf4s2/cZLsQaMFTRdV3UxPBakUGh3nyyosLa+srhXXSxubW9s7dnm3qZNMcWjwRCaqHTANUsTQQIES2qkCFgUSWsHweuq37kFpkcR3OErBj1g/FqHgDI3UtcteAMiOPWQZvaRO1Tnr2hXTZqB/iZuTCslR79qfXi/hWQQxcsm07rhOiv6YKRRcw qTkZRpSxoesDx1DYxaB9sez0yf00Cg9GibKVIx0pv7cGLNI61EUmMmI4UAvelPxP6+TYXjhj0WcZggxnz8UZpJiQqc50J5QwFGODGFcCXMr5QOmGEeTVsmE4C5++S9pnlRdp+renlZqV3kcRbJPDsgRcck5qZEbUicNwskDeSIv5NV6tJ6tN+t9Plqw8p098gvWxzfOs5Ji</l atexit><latexit sha1_base64="3klt4g64fhZclFjsZL+Z9vRVWUk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7gril6EoBePEcwDsku YnfQmQ2YfzPQqIeZTvHhQxKtf4s2/cZLsQaMFTRdV3UxPBakUGh3nyyosLa+srhXXSxubW9s7dnm3qZNMcWjwRCaqHTANUsTQQIES2qkCFgUSWsHweuq37kFpkcR3OErBj1g/FqHgDI3UtcteAMiOPWQZvaRO1Tnr2hXTZqB/iZuTCslR79qfXi/hWQQxcsm07rhOiv6YKRRcw qTkZRpSxoesDx1DYxaB9sez0yf00Cg9GibKVIx0pv7cGLNI61EUmMmI4UAvelPxP6+TYXjhj0WcZggxnz8UZpJiQqc50J5QwFGODGFcCXMr5QOmGEeTVsmE4C5++S9pnlRdp+renlZqV3kcRbJPDsgRcck5qZEbUicNwskDeSIv5NV6tJ6tN+t9Plqw8p098gvWxzfOs5Ji</l atexit><latexit sha1_base64="3klt4g64fhZclFjsZL+Z9vRVWUk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7gril6EoBePEcwDsku YnfQmQ2YfzPQqIeZTvHhQxKtf4s2/cZLsQaMFTRdV3UxPBakUGh3nyyosLa+srhXXSxubW9s7dnm3qZNMcWjwRCaqHTANUsTQQIES2qkCFgUSWsHweuq37kFpkcR3OErBj1g/FqHgDI3UtcteAMiOPWQZvaRO1Tnr2hXTZqB/iZuTCslR79qfXi/hWQQxcsm07rhOiv6YKRRcw qTkZRpSxoesDx1DYxaB9sez0yf00Cg9GibKVIx0pv7cGLNI61EUmMmI4UAvelPxP6+TYXjhj0WcZggxnz8UZpJiQqc50J5QwFGODGFcCXMr5QOmGEeTVsmE4C5++S9pnlRdp+renlZqV3kcRbJPDsgRcck5qZEbUicNwskDeSIv5NV6tJ6tN+t9Plqw8p098gvWxzfOs5Ji</l atexit><latexit sha1_base64="3klt4g64fhZclFjsZL+Z9vRVWUk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7gril6EoBePEcwDsku YnfQmQ2YfzPQqIeZTvHhQxKtf4s2/cZLsQaMFTRdV3UxPBakUGh3nyyosLa+srhXXSxubW9s7dnm3qZNMcWjwRCaqHTANUsTQQIES2qkCFgUSWsHweuq37kFpkcR3OErBj1g/FqHgDI3UtcteAMiOPWQZvaRO1Tnr2hXTZqB/iZuTCslR79qfXi/hWQQxcsm07rhOiv6YKRRcw qTkZRpSxoesDx1DYxaB9sez0yf00Cg9GibKVIx0pv7cGLNI61EUmMmI4UAvelPxP6+TYXjhj0WcZggxnz8UZpJiQqc50J5QwFGODGFcCXMr5QOmGEeTVsmE4C5++S9pnlRdp+renlZqV3kcRbJPDsgRcck5qZEbUicNwskDeSIv5NV6tJ6tN+t9Plqw8p098gvWxzfOs5Ji</l atexit>
��� ��� ��� ��� ���
�
�
�
�
�
��
��
m
2
⌧
2
q2
h( 
v ?
)2
i  
<latexit sha1_base64="4W7HOiD2XGUF6gfxqNhlb1eK+t0="></latexit><latexit sha1_base64="4W7HOiD2XGUF6gfxqNhlb1eK+t0="></latexit><latexit sha1_base64="4W7HOiD2XGUF6gfxqNhlb1eK+t0="></latexit><latexit sha1_base64="4W7HOiD2XGUF6gfxqNhlb1eK+t0="></latexit>
Figure 11. Behaviour of the perpendicular component of the finite temperature dispersion near
the wall. Notice that, differently from the parallel component, now the magnitude of the dispersion
when z → 0 depends on the temperature, for a same transition duration. In this figure we choose
τs/τ = 0.1.
behaviour is depicted in Fig. 11, where it is clearly seen that temperature can significantly
affect the dispersion arbitrarily near the wall. Moreover, it is worth noticing that the mag-
nitude of the temperature dependent contribution to the dispersion in the perpendicular
direction can even be larger than the vacuum contribution, as it can be confirmed by in-
specting Figs. 4 and 11 (for τs/τ = 0.1). This issue will be further addressed in the next
section.
6 Thermal versus vacuum dominance near the wall
The magnitude of the effect produced by quantum fluctuations on the motion of the particle
can be measured by means of the mean squared velocity,
〈v2〉β .=
∑
j
〈v2j 〉β =
∑
j
〈(∆vj)2〉β = 2〈(∆v‖)2〉β + 〈(∆v⊥)2〉β ,
where each component in the above expression can be obtained using Eq. (5.4). When the
limit of zero temperature is taken, we obtain the pure vacuum mean squared velocity
lim
β→∞
〈v2〉β = 2〈(∆v‖)2〉vacuum + 〈(∆v⊥)2〉vacuum
.
= 〈v2〉.
In order to compare thermal to vacuum contributions to the dispersions we define the
fractional difference parameter γ as
γ =
∣∣∣∣〈v2〉β − 〈v2〉〈v2〉
∣∣∣∣ , (6.1)
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so that when γ > 1 thermal effects dominate over the vacuum effects. On the other hand
when γ < 1 vacuum effects will dominate.
We will limit our analysis to the late time regime. For this proposal, making use of the
results listed in appendix B, we obtain that
lim
τ→∞ γ = 2
∣∣∣∣∣
[(
2z
β
)2
ψ
(1)
(
1 +
2τs
β
)
+
2z
β
Imψ
(0)
(
1 +
2τs
β
− 2iz
β
)
−2 Reψ(−1)
(
1 +
2τs
β
− 2iz
β
)
− β
z
Imψ
(−2)
(
1 +
2τs
β
− 2iz
β
)]
×
{
2 + (z/τs)
2
1 + (z/τs)2
− τs
z
arg
[(
1 + i
z
τs
)2]}−1 ∣∣∣∣∣. (6.2)
Notice that for a smooth transition (τs/β 6= 0), γ is a non null regular function of τs/β
on the wall. This aspect can be seen if we evaluate the above equation on the wall, i.e.,
lim
z→0
lim
τ→∞ γ =
(
4τs
β
)2
ψ
(1)
(
1 +
2τs
β
)
, (6.3)
which is a function that vanishes when β →∞, as expected, but can achieve values smaller
or larger than 1, depending on the ratio τs/β. Specifically, if we solve Eq. (6.3) for γ = 1
we obtain τs/β ≈ 0.26. This value can be used as a reference value to study the dispersions
near the wall in the late time regime. Thus, using this result in Eq. (6.2) and solving it to
γ = 1, we obtain that z/β ≈ 0.015. This means that, when z/β > 0.015, finite temperature
effects will dominate over vacuum effects. In order to have an estimate, suppose the particle
is placed at a distance z = 1µm from the wall. In this case, a temperature of the order
of 34K is enough to produce a thermal dominance over vacuum effects. This result should
be compared with the one predicted by the model presenting a sudden transition. In such
idealized case thermal dominance at this distance from the wall would require temperatures
higher than 709K.
7 Final remarks
A charged test particle near a perfectly conducting flat wall is affected by the quantum
vacuum fluctuations of the electromagnetic field. This is a result originally reported [1] in
the context of zero temperature quantum field theory where a perfectly conducting wall is
assumed to be instantaneously placed near the particle at a given initial time – a sort of
sudden transition. Dispersions of the velocity of the particle were found to be function of
time and distance to the wall. Due to the implementation of idealized boundary conditions
and sudden transition, the results are plagued with divergences on the wall and at a time
corresponding to a round trip of a light signal between the test particle and the wall, i.e.,
at z = 0 and τ = 2z. Extension of this model including finite temperature effects were also
studied [4]. One interesting prediction of the model in the late time regime is the existence
of a residual dispersion of the velocity component perpendicular to the wall, suggesting
that the particle will get some energy due to the transition between empty space and
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boundary space vacuum state. Such late time behaviour of the dispersion was studied in
an improved model where a smooth transition (described by a C0 non-normalized function
of time) between the vacuum states was assumed [5]. As a result, the residual dispersion
is enhanced by a constant whose value depends on the distance z and also on a certain
switching-duration parameter. However, the divergences appearing in the model presenting
a sudden transition were not examined, as the dispersions were only calculated for some
asymptotic regimes.
Motivated by the idea of implementing a smooth transition between the vacuum states,
this system was once again examined [7], but then implementing a smooth transition de-
scribed by the normalized C∞ switching function F (n)τ (t) = cn
[
1 +
(
2t
τ
)2n ]−1, where n
is a positive integer that should be chosen according to the layout of the system, and
cn = (2n/pi) sin(pi/2n) is the normalization constant. As a result the dispersions could be
analytically integrated and their behaviour could be investigated as function of time and
distance from the wall. For a finite time τ , the above mentioned divergences, including the
typical one on the wall, were regularized. However the regime of small distances in the limit
of τ → 0 is not well defined when this switching is implemented, as the switching time goes
to zero when τ goes to zero, which corresponds to the sudden transition case. The sudden
approximation is full recovered as a limiting case of large n. Contrarily to the previous
models, the dispersions now vanish in the late time regime. This is because the switching
time introduced by this function is a linear function of τ . Hence, making τ →∞ implies in
a infinity transition duration, which means that there would be no change of the vacuum
state.
A further generalization of the above described framework was here investigated by
introducing the concept of a smooth transition with a controllable switching interval of
time, and extending the analysis to the regime of finite temperature. The switching function
describing the smooth transition is now given by Eq. (2.2). All previous results regarding
the behaviour of dispersions of the velocity of the particle are now recovered as particular
cases of the analytic solution of 〈(∆vj)2〉β described in the last section. Additionally, new
effects could be unveiled, as for instance the importance of thermal effects (as compared to
vacuum effects) near the wall, as discussed in Sec. 10 and 11.
A map connecting our findings with the results reported in the literature can be set
as follows. The sudden transition with the system at zero temperature [1] is obtained
by taking the limits of τs → 0 and β → ∞ in the dispersions calculated in Sec. 5. The
sudden transition with the system at finite temperature [4] is obtained by taking the limit
of τs → 0. The smooth transition with the system at zero temperature [7] is obtained by
taking the limit of β →∞ and adjusting the switching time τs in terms of the parameter n.
Particularly, in this last case the late time regime leads to vanishing dispersion when we set
τs →∞, that describes the case where no transition occurs. Finally, the smooth transition
at zero temperature with an independently controllable switching duration (described here
in Sec. 3) is obtained by taking the limit of β → ∞. In this case residual effects occurs,
whose magnitude depends on τs.
Mathematically, functions F (n)τ (t) and Fτs,τ (t) play a similar role in the description of
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a smooth transition between the vacuum states. However, while the former leads to easier
integrations in the calculation of the dispersions, the later has the advantage of allowing a
controllable duration of the switching. This is an important aspect when we are interested
in studying the late time regime, the near to the wall effects, and the energy gained/lost by
the particle due to the transition, as discussed in Sec. 4. The magnitude and also the signal
of the contribution from the vacuum fluctuations to the total energy of the particle depends
a lot on the duration of the transition τs. As shown in Fig. 6, subvacuum effects may occur
for system’s configurations for which τs is greater than a certain value, and in such cases
the particle will have part of its energy suppressed by a certain amount. This is a result
that can not be found in the realm of classical physics. When thermal contributions are
considered, the main effect is to move the curve in Fig. 6 up to the positive region, leading
to an increase of the total energy of the particle, as expected.
Closing, we would like to remark that we here investigated the contribution to the
motion of a spinless charged particle due to vacuum fluctuations of the electromagnetic
field in the presence of a reflecting wall. When classical effects are included, as for instance
the interaction between the electric charge and the conducting wall, the total kinetic energy
of the particle will be written as Ktotal = Kclassical + 〈K〉, where the last term in this sum
is calculated with the dispersions examined in the previous sections. Hence, negative 〈K〉
does not mean that the kinetic energy of the particle is negative, but only that subvacuum
fluctuations are able to decrease the magnitude of its energy.
A Further details in the derivation of the vacuum dispersions
An important step in the calculations leading to Eqs. (3.3) and (3.4) is to notice that,
dFτs,τ
dt
=
1
piτs
[
1
1 + t2/τ2s
− 1
1 + (τ − t)2/τ2s
]
.
Thus, after introducing (3.1), (3.2) in (2.1), integrating by parts, and using residue theorem,
we obtain∫ ∞
−∞
∫ ∞
−∞
Fτs,τ (t)Fτs,τ (t
′)
(∆t+ a)4
dtdt′ =
1
6
[
1
(τ − 2iτs + a)2 +
1
(τ + 2iτs − a)2 −
2
(2iτs − a)2
]
.
(A.1)
Finally, the remaining integral in u variable can be solved in terms of elementary functions
by using the result∫ ∞
1
du
u2 ± 1
u2(u+ a)2
=
1
1 + a
±
[
a+ 2
a2(1 + a)
− 2
a3
ln(1 + a)
]
.
B Dispersions in the late time regime
For convenience we here present the expressions for the dispersions when the late time
regime is considered. We start with the vacuum contribution, that can be obtained directly
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by taking the limit of τ →∞ in Eqs. (3.3) and (3.4), and leads to
lim
τ→∞〈(∆v⊥)
2〉 = q
2
4pi2m2z2
{
1− τs
2z
arg
[(
1 + i
z
τs
)2]}
, (B.1)
lim
τ→∞〈(∆v‖)
2〉 = 1
2
lim
τ→∞〈(∆v⊥)
2〉 − q
2
8pi2m2τ2s
1
1 + (z/τs)2
. (B.2)
In the same way, considering the above limit in Eqs. (5.7), (5.9) and (5.10), we obtain the
expression for the thermal,
〈(∆v⊥)2〉thermal = 〈(∆v‖)2〉thermal =
2q2
3pi2m2β2
ψ
(1)
(
1 +
2τs
β
)
,
and mixed contributions,
lim
τ→∞〈(∆v⊥)
2〉mixed = − q
2
4pi2m2z2
[
β
z
Imψ
(−2)
(
1 +
2τs
β
− 2iz
β
)
+ 2 Re ln Γ
(
1 +
2τs
β
− 2iz
β
)]
,
lim
τ→∞〈(∆v‖)
2〉mixed = 1
2
lim
τ→∞〈(∆v⊥)
2〉mixed + q
2
2pi2m2βz
Imψ
(0)
(
1 +
2τs
β
− 2iz
β
)
.
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